o 
o 

(N 
o 

Q 



o 



Reflected BSDEs and continuous solutions of parabolic 
obstacle problem for semilinear PDEs in divergence form 



Tomasz Klimsiak 
December 11, 2009 

Abstract 



We consider the Cauchy problem for semilinear parabolic equation in divergence 
form with obstacle. We show that under natural conditions on the right-hand side 
' of the equation and mild conditions on the obstacle a unique continuous solution 

p I . of the problem admits a stochastic representation in terms of reflected backward 

stochastic differential equations. We derive also some regularity properties of so- 
lutions and prove useful approximation results. 



1 Introduction 



^ . In the present paper we are interested in stochastic representation of solutions of the 

i Cauchy problem for semihnear parabohc equation in divergence form with obstacle. 

Let a : Qt = [0, T] x — > M'^(g)R'^ be a measurable, symmetric matrix valued function 



fSl ■ such that 

^ . . d 

^' A|c|2< ^^a,,(t,x)e.c,-<Aiep, eeM"^ (i.i) 

for some < A < A and let At be a hnear operator of the form 



Roughly speaking the problem consist in finding u : Qt R such that for given 



mm{u - h,-^ - Atu - fu) = in Qt, 
u{T) =ip on W^, 



(1.3) 



where = /(•, •, u, aVu) and aa* = a, i.e. u satisfies the prescribed terminal condition, 
takes values above a given obstacle h, satisfies inequality ^ -|- A^u < — in Qt and 

du 

at 



equation ^ -|- AfU = —fu on the set {u > h}. 



T. Klimsiak; Faculty of Mathematics and Computer Science, Nicolaus Copernicus University, 
tomas@mat. uni.torun.pl 

Mathematics Subject Classification (2010): Primary 60H30, 35K60; Secondary 35K85. 

Key words or phrases: Backward stochastic differential equation, Semilinear parabolic partial dif- 
ferential equation. Divergence form operator. Obstacle problem. Weak solution. 



1 



The obstacle problem (1.3) has been studied intensively by many authors. Subject 
to regularity of the data (p,f,h and coefficients of Af, viscosity solutions (see [11]) or 
solutions of variational inequalities associated with (1.3) are considered. In the latter 
case one can consider weak solutions (see [4, 17, 19]) or strong solutions (sec [4, 8, 9, 10]). 

In the present paper by a solution of (1.3) we understand a pair (n, /i) consisting 
of a measurable function u : Qt M having some regularity properties and a Radon 
measure fi on Qt such that 

-^ + Atu = -fu-f^, u{T) = ^, u>h, / {u-h)dn = (1.4) 
ot Jq^ 

(see Section 2.2 for details). We adopt the above definition for three reasons. Firstly, 
it may be viewed as an analogue of the definition of the obstacle problem for elliptic 
equations (see [14, 16]). It is worth pointing out, however, that contrary to the case of 
elliptic equations, it is not obvious how solution of a parabolic variational inequality 
associated with (1.3) is related to the solution in the sense of (1.4). Secondly, since in 
many cases wc arc able to prove some additional information on /i, using (1.4) instead 
of variational formulation gives more information on solutions of (1.3). Finally, defini- 
tion (1.4) is well suited with our main purpose which consists in providing stochastic 
representation of solutions of the obstacle problem. 

In the case where Af is a non-divergent operator of the form 

1 .. 52 'i Q 

^* 2 ^ dxidxj ^^"^^^ dxi ' 

i.j=l i=l 

problem (1.3) has been investigated carefully in [11] by using probabilistic methods. 

Let X^'''^ be a solution of the Ito equation 

dX^'"" = a{t, X^''')dWt + b{t, X^'"") dt, Xp^ = X {aa* = a) 

associated with At. In [11] it is proved, that under suitable assumptions on a,b and 
the data ip, f, h, for each (s, x) G Qt there exists a unique solution (Y^''-^, Z^'^, K^'^) of 
reflected backward stochastic differential equation with forward driving process X^'^ , 
terminal condition ip{X^^), coefficient / and obstacle h{-,X^'^) (RBSDE((^, /, /i) for 
short), and moreover, u defined by the fornuila u{s,x) = Yg'^, {s,x) G Qt is a unique 
viscosity solution of (1.3) in the class of functions satisfying the polynomial growth 
condition. In the present paper we give a representation similar to that proved in [11] 
for weak solutions of (1.4) with At defined by (1.2). 
In the paper we assume that 

(HI) if e L^°^(M'^), h e V^^^Qt), 

(112) / : [0, T] X R'^ X M X M*^ ^ R is a measurable function satisfying the following 
conditions: 

a) there is L > such that \ f{t,x,yi,Zi)-f{t,x,y2,Z2)\ < L{\yi-y2\ + \zi- Z2\) 
for all {t,x) e [0,T] x R'^, 2/1,2/2 e K and zi,Z2 G M*^, 

b) there exist M > 0, g € V^''{Qt) such that \ f{t,x,y,z)\ < g{t,x) + M{\y\ + \z\) 
for all {t, x, y, z) G [0, T] x M'^ x R x M<^, 
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(H3) ip{x) > h{T,x) for all x G M'^, /i G C(Qt) 

(definitions of various function spaces used in the paper are given at the end of the 
section) . 

We prove that under (1.1) and (H1)-(H3) the obstacle problem (1.4) has at most one 
solution such that u G C{Qt)0W2'^{Qt) for some q of the form q{x) = (l + |a;p)~"", x G 
M'^, where a > 0. From our existence results it follows in particular that if, in addition, 
if G L2,g(M'^), g G L2,g(QT) n hp^q^giQr), h G C{Qt) n 1.2,q{Qt) for some g as above 
and p,q G (2, oo] such that (2/g) + {d/p) < 1, and h satisfies the polynomial growth 
condition, then (1.4) has a solution {u,fi) such that u G C([0,r) x W^) n W^'liQr)- 
Secondly, for each (s,x) G [0,T) x W'' we have 

(n(t,Xt),c7Vn(t,Xt)) = (y/'",Zn, te[s,T], Ps,x-a.s., (1.5) 

where {X,Ps^x) is a Markov process associated with At (see [22, 24]) and Y^'^,Z^'^ 
are the first two components of a solution (Y^'^ , Z^'^ , K^'^) of RBSDE((^, /, /i) with 
forward driving process X. In particular, it follows that 

m(s,x) = F/'^ (s,x)gQt, (1.6) 

which may be viewed as a generalization of the Feynman-Kac formula. We show also 
that ^ ^ 

Es,^ [ i{t,Xt)dKl^^ = f f i{t,y)p{s,x,t,y)d^{t,y) (1.7) 

Js Js JR'i 

for all ^ G ChiQr), where p stands for the transition density function of (X,Ps^x) 
(or, equivalently, p is the fundamental solution for At), which provides an additional 
information on the process K^'^ and solution {u, 12) of (1.4). For instance, it follows 
from (1.7) that in the linear case the solution of (1.3) admits the representation 

u{s,x)= (p{y)p{s,x,T,y)dy + f{t,y)p{s,x,t,y)dy 
Jmd JQt 

+ [ p{s, X, t, y) dnit, y), (s, x) G [0, T) x 

•Iqt 

which, up to our knowledge, is new (for parabolic problems). Moreover, we show that 
pi is absolutely continuous with respect to the Lebesgue measure A and dji = rdX if 
and only if 

^t'" = jyiO,Xinde, te[s,T]. 

Let us remark also that the first component n of a solution of (1.4) coincides with 
the solution of (1.3) in the variatonal sense. 

Our conditions on ip,g and h are similar to that used in the theory of variational 
inequalities and seems to be close to the best possible. As for g, in fact we prove 
existence and uniqueness of solutions of (1.4) and the representation (1.5) under the 
assumption that g G ^2,giQT) and 

E,,x£ \git,Xt)fdt (1.8) 
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is bounded uniformly in {s, x) G K for every compact subset K of [0, T) x M'^. We 
show also that if ip € L2,^(M''), g € ^2,s{Qt) and h 6 C{Qt) satisfies the polynomial 
growth condition, then there is a version of the minimal weak solution of (1.3) in the 
variational sense such that if (1.8) is finite for some fixed {s,x) G [0, T) x M*^, then 
there exists a unique solution (Y'^'^, Z*'^, K*'^) of RBSDE((/?, /, h) and (1.5) holds true. 
Thus, since (1.8) is finite for a.e. {s,x) G [0,r) x M"' if 5 G L2,^(Qt), (1.5) holds for 
a.e. (s,x) G [0,r) x M*^ if 3 G 'L2,q{Qt)- What is more important, it follows from our 
result that for each (s,x) such that (1.8) is finite we get a probabilistic formula (1.6) 
for the minimal weak solution of the variational inequality associated with (1.3). 

In case Q = 1 existence of a solution of (1.4) and representation (1.5) is proved by 
the method of stochastic penalization used earlier in [11]. For < 1 in proofs of these 
results we use ideas from [23] . In both cases from our proofs it follows that if {u, fi) is 
a solution of (1.4), is a solution of the Cauchy problem 

d 

{-qI + M)Un = - n{Un - h) , Un{T) = if 

and jjLn is a measure on Qt such that djin = n{un — h)^ d\ then n„ j u uniformly 
in compact subsets of [0,T) x and in W2°'^^((3t) n C([0, T], L2,e(QT)) if < 1, 
and locally in the latter space \i q = \. In particular, differently from the theory 
of variational inequalities, we obtain strong convergence in 'L2,q{Qt) of gradients of 
UnS, to the gradient of u. Moreover, from the proofs it follows that {^n} converges 
weakly to /x and strongly in the space dual to wI'^{Qt), and for each (s, re) G [0, T) x 

the measures f„ defined by the relation dvn/dun = p{s,x, ■, •) converge weakly to 
the measure v such that du/d^i = p{s,x, •, •). These results allow us to deduce some 
properties of ji from properties of the sequence 

In the paper we will use the following notation. 

Qj. = [0, T] x R'^, Qt = (0, T) x R'^. For E cQr^e write Et = {x e M*^; (i, x) e E}. 
B{0, r) = {x eR'^ : \x\ < r}, x+ = max(x, 0), x~ = max{-x, 0). V = -^). 
By A we denote the Lebesgue measure. 

Lp(M'^) is the Banach space of measurable function u on M*^ having the finite norm 
= (Jjgd \u{x)\P dx)^/P. Lp_g(Qr) is the Banach space of measurable functions on Qt 
having the finite norm ||«||p,5,r = iJoiJ^d \u{t, x)\p dx^^"^ dt)^/'^ , Lp((5r) = ^p,piQT), 
||^^||p,p,r = ||^t||p,T. 

Let ghe a. positive function on M'^. By Lp.g(M'^) {l^p,q,g{QT)) we denote the space of 
functions u such that ug G Lp(M'^) {ug G 'Lp^q{QT)) equipped with the norm ||n||p.g = 
IKt'lIp (ll'"|[p.q,i),T = ||iti?||p,i3,T). We write K CC X if ii' is compact subset of X. 
Lp°'^(M'^) = Pl^^^jjd L,p{K). By (•, •)2 we denote the usual inner product in L2(M'^) and 
by (•, •)2,g the inner product in L2,p(M°'). 

Wl^iR"^) iW2;liQT)) is the Banach space consisting of all elements u of ]L2^^(M ) 
(L2,^((5r)) having generalized derivatives i = l,...,d, in L2,g(M'^) (L2,^((5r))- 
If £> = 1 then we denote the spaces by W^iR'^) and W^2°'^(Qt)- W^^q^Qt) is the 
subspace of VF2'J(Qr) consisting of all elements u having generalized derivatives ^ in 
^2,s{Qt), W2q{Qt) is the set of all function from W2'^{Qt) with compact support in 
Qt. = {u G L2([0, T],WijR^)); f G L2([0, T], T^2:,'(K'))}, where W2,'^iR'') is the 
dual space to W2^g{R^) (see [17, 18] for details); if = 1 we write W instead of Wg. 
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By Cq{Qt) (Co(M^)) we denote the space of all continuous function with compact 
support on Qt iW^) and by Cq {Qt) the set of all positive functions from 

Co(Qr) {Coi^")). 

In what follows, by C (or c) we will denote a general constant which may vary from 
line to line but depends only on fixed parameters. 

2 Preliminary results 

2.1 Symmetric diffusions and BSDEs 



Let Q. = C([0, T],]R ) denote the space of continuous M -valued functions on [0, T] 
equipped with the topology of uniform convergence and let X be a canonical process 
on It is known that given an operator Af defined by (1.2) with a satisfying (1.1) one 
can construct a weak fundamental solution p(s, x, y) for At and then a Markov family 
X = {{X, Ps,x)\ {s, x) G [0, r) X W^} for which p is the transition density function, i.e. 



PsA^t = x;0<t<s) = l, Ps,x{XteT) = J^p{s,x,t,y)dy, t E {s,T] 
for any T in a Borcl cr-field B of R'^ (see [22, 24]). 

Theorem 2.1 For each {s,x) G [0,T) x W^, if [0,T) x 3 (s„,a;„) {s,x) then 

Ps^,x^ ^ Ps,x weakly in C([0, T]; M''). 

Proof. Follows from the fact that X generates a strongly Feller continuous Markov 
time-inhomogeneous semigroup on L2(M'^) (see [22]). □ 

In what follows by W we denote the space of all measurable functions g :M.^ ^M. 
such that g{x) = (1 + |x|^)~"^, x G W^, for some a > 0. 
Let Eg^x denote expectation with respect to Pg^x- 

Theorem 2.2 Let g G W. Then there exist < c < C depending only on A, A and g 

such that 



(i) for any (p G Li,g(M'^) andO < s <t <T, 

c \ip{x)\g{x) dx < Es^x\ip{Xt)\g{x) dx < C \ip{x)\g{x) dx, 

(ii) for any tp G Li,g(QT), 

c [ [ \^{9,x)\g{x)d0dx < [ [ Es,x\tpie,X0)\g{x) d9 dx 

Jt Jm.''. Jt jRd 

< c[ [ \ip{e,x)\g{x)d9dx, te[s,T]. 

Proof. Both statements follow from [2, Proposition 5.1, Appendix], because by Aron- 
son's estimates there exist < ci < C2 depending only on A, A such that 

ci / E\ip{x + Xc^(^t-s))\Q{x) dx < / Es,x\'p{Xt)\g{x) dx 

< C2 E\ip{x + X^^(^t._g))\g{x) dx 
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where E denotes expectation with respect to the standard Wiener measure on fi. □ 

Set = (j{Xu-, u € [s,t\) and define Q as the completion of J-^ with respect to the 
family V = {Ps,n : // is a probability measure on B}, where Ps,ni-) = J^d Ps,xi-) Kdx), 
and define Qf as the completion of ^/ in Q with respect to V. 

From [23, Theorem 2.1] it follows that there exist a martingale additive functional 
locally of finite energy M = {Mg^t '■ < s < t < T} of X and a continuous additive 
functional locally of zero energy A = : < s < t < T} of X such that 

Xt-X, = M,^t + A,,t, te[s,T], P,,^-a.s. (2.1) 

for each (s, x) G [0, T) x W^. Moreover, the above decomposition is unique and for each 
{s,x) G [0, T) X M*^ the process Mg^. is a ({C/f y]) -Ps,a;)-square-integrable martingale 
on [s,T] with the co- variation process given by 

{Ml,Ml.)t = f a,j{e,Xg)de, t G [s,T], i,j = l,...,d 

J s 

(sec [23] for details). 

We now formulate definitions of backward stochastic differential equation (BSDE) 
and reflected BSDE (RBSDE) associated with X and recall some known results on such 
equations to be used further on. 

Write ^ 

Bs,t = a-\e,Xe)dMs,e, t e [s,T], 

where M is the additive functional of the decomposition (2.1). Notice that {Bs,t}te[s,T] 
is a Wiener process. 

Definition A pair {Y^'^, Z^'^) of processes on [s, T] is a solution of BSDE((/3, /) (associ- 
ated with {X,Ps^x)) if 

(i) y«'^,Z^'^ are {g|}-adapted, 

(n) y/'" = ^(Xt) + fie, Xe, r/'", Z^^'") d9 - Z^'^ dB.^e, t G [s, T], P,,,-a.s., 
(iii) Es,x Jj dt < oo, Es,x sup,<t<T l^/'^^P < oo. 

Definition A tiiple (F*'^, Z^'^, K^'^) of processes on [s, T] is a solution of RBSDE(</?, /, h) 
(associated with (X, P^ .^)) if 

(i) ys,^,^^,^,K^,^ are {^f }-adapted, 

(ii) y/'^ > h{t,Xt), t G [s,T], Ps,x-a.s., 

(iii) rr = ^{XT)+j^ f{e,Xg,Y^^\zl'^)de+K'^^-Kr-j^ zl^^dBs^e, t g [.,r], 

(iv) Es^^ \Zt'^? dt < oo, Es^x SMY>s<t<T < oo, 

(v) K^'^ is a continuous increasing process such that Kp^ = 0, Es^x\K^^\^ < oo and 
/J(F/'^ - h{t, Xt)) dKl^^ = 0, P,,,-a.s. 
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Observe that {Qf} need not coincide with the natural filtration generated by the 
Wiener process Bs^.. Consequently, due to lack of the representation theorem for Bg^., 
existence of solutions of BSDE((^, /) does not follow from known results for ,, usual" 
BSDEs. 

Existence and uniqueness of solutions of BSDE(99, /) for each starting point (,s, x) G 
[0, T) X M*^ was proved in [23] under the assumption that (p G L2(M'^) and / satisfies 
(H2) with g G Lp_g(Qr) for some p, q such that 

p,gG(2,oo], - + -<1. (2.2) 
q p 

(see also [3] for existence results for quasi-every starting point x proved in the case 
where the forward diffusion corresponds to symmetric divergence form operator with 
time-independent coefficients but not necessarily uniformly elliptic). 

Let us recall that u is said to be a weak solutions of the Cauchy problem 

— + Atu = -fu, u{T) = ^ (2.3) 

(PDE((^,/) for short) if n G Wlf^JyQT)f^C{[Q,T],V°''{W^)) and for any r] G wI^{Qt), 

J (n(s),|^(s))2 0?s + ^y {ais)Vu{s),Vri{s))2ds = J (/„(s), r?(s))2 
+{ip,ri{T))2-{u{t),riit))2, te[0,T]. 



It is well known that if G L2(M ), g G I^2{Qt) then there exists a unique weak 
solution of PDE((/9, /) (see, e.g. [15]). 

The next theorem strengthens slightly results proved in [23]. 



Proposition 2.3 Assume that (H1)-(H3) are satisfied with <f G L2(M°'), g G L2((5r)- 
(i) If 

^Kcc[o,r)xRd sup Eg^j; \g{t, Xt)f dt < oo (2.4) 

(s,x)gK Js 



then there exists a unique weak solution u G W2'^{Qt) H C([0, T) x W'-) of 
PDE{ip, /) and for each {s, x) G [0, T) x the pair 

(y/'",Z,^'") = {u{t,Xt),aVuit,Xt)), t G [s,T] (2.5) 

is a unique solution of BSDE{ip, f). 

ill) There exists a version u of a weak solution of PDE{ip, f) such that if 

Es^^j^ \g{t,Xt)\''dt<^ (2.6) 

for some (s, x) G [0, T) xW^ then the pair (2.5) is a unique solution of BSDE{ip, /). 
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Proof. Let u G W2'^{Qt) be a weak solution of the problem (2.3) and let 

\Mm{x,s,T) = Es,. 1^ i\u{t,Xt)\^ + \Vuit,Xt)\^)dt. 

From the proof of [23, Theorem 6.1] it follows that under (2.4) for every K CC [0, T) x 

sup ||M||w2(a;,s,T) < OO. (2.7) 

{s,x)€K 

For n,m eN let Unm e W^'^iQr) n C([0, T) x W^) be a weak solution of the Cauchy 
problem 

d \ 

— +Atj Unm = fu ^rn- An, Unm{T) = if. 

By [23, Proposition 5.1] the pair {unm{^-,X.i),G'^Unmif'iX-t)), t G [s,T], is a solution of 
BSDE((^, f\m — f\n). Using Ito's formula and performing standard calculations 
we conclude that there is C > not depending on n, m such that 

r-T 

12 



Es,x sup \Unm{t,Xt)\^ + Es^y: [ |(7Vu„^(t, Xj) p 

s<t<T Js 

< C (^Es,x\v{Xt)\^ + E,,, £ \git, Xt)\^ dt + ■ (2-8) 

Prom comparison results (see [4, Theorem 4.1.4]) and the fact that Unm are continuous 
it follows that for any fixed n the sequence {unm\men is increasing. Hence, for each 
n G N there is Un such that Unm T as m ^ cx). Moreover, by well known convergence 
theorems (see [15, Theorem 3.4.5]), Unm — ^ '^n in W2''(Qt) and Un is a weak solution 
of the problem 

+ = ~ A n, u„(r) = if. 

If (2.4) is satisfied, then from (2.7), (2.8) and Nash's continuity theorem (see [1]) 
it follows that {unm}mm is equicontinous in every compact subset of [0, T) x W^. 
Therefore the functions u„ are continuous on [s, T) x W^. Using once again Ito's formula 
we deduce that for any k,l,n E N, 

Es,x\{Unk - Unl){t,Xt)\'^ + Es,x / \(tV {Unk - Unl)it, Xt)\'^ dt 

f rT N 1/2 

<CiE,,,j \if^Ak-f^Al)it,Xt)\^dt] 

/ fT X 1/2 

X [Es,x J \iUnk - Unl){t, Xt)\^ dt\ (2.9) 

for all t G [s,T]. By (H2) and (2.7), (2.8) the first term on the right-hand side of (2.9) 
is bounded uniformly in k, I. Due to (2.7), (2.8) and the estimate \unk\ < l^^nil + \un\ we 
may apply the Lebesgue dominated convergence theorem to conclude that the second 
term converges to zero as A;, Z — > 0. By the above, 

Es,x\iUnm - Un)it,Xt)\'^ + Es^x J \aV {Unm - Un){t, Xt)\^ dt ^ 
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as m — > oo. Using this it is easy to sec that the pair {un{t, Xt), a\7unit, Xt)), t G [s.T] 
is a solution of BSDE((/?, — /\n). Therefore, (2.8) holds for Unm replaced by u„ 
and (2.9) holds for Unk,Uni replaced by Uk,ui and replaced by f^. Using once again 
(2.7) and Nash's continuity theorem we conclude that Un is equicontinuous in every 
compact subset of [0, T) x M'^. Therefore, by comparison results, u„ is decreasing and 
there is u G C([0,T) x M"') such that ti„ | u. Since — A n ^ /„ in L2(Qt), it 



follows that u is a weak solution of the Cauchy problem (^ + At)u = fu, u{T) = (p. 
By uniqueness, w is a version of u. Finally, using the mentioned above analogues of 
(2.8), (2.9) we prove in much the same way as above that the pair (2.5) is a solution of 
BSDE((^, /), which completes the proof of (i). 

To prove (ii), we first observe that using continuity of Unm a^nd the fact that {unm} 
is decreasing for every fixed n and increasing for every fixed m we can still show that 
{un} is decreasing. Therefore converges pointwise to some version u of u. If (2.6) 
is satisfied for some {s,x) G [0, T) x M'^ then ||M||w2(a:,s,T) < oo. Therefore we can use 
(2.8), (2.9) to conclude as before that {u{t,Xt),aVu{t,Xt)), t G [s,T], is a solution of 
BSDE((^, /) associated with {X, Pg^^). □ 



Theorem 2.4 Assume that (H1)-(H3) are satisfied with (/? G L2(M ), h,g & ^2{Qt) 
and 

fT 

Es,^ sup \h+{t,Xt)f + Es,^ \git,Xt)fdt<oo (2.10) 

s<t<T Js 

for some {s,x) G [0, T) x W^. Then the RBSDE{(p, f,h) associated with {X,Ps^x) has 
a unique solution (Y^'^ , Z^'^ , K^'^). Moreover, if the pair (Y^'^'^,Z^'^'^), n gN, is a 
solution of BSDE{(p, f + n{y — h)'^), then 

Es,x sup \Yf' ' -Y^' \ +Es,x / \Z^' ' - Z^' \ dt 

s<t<T Js 



where 



+Es,x sup lisTt iCt'^'l^ ^ 0, (2.11) 

s<t<T 

Ks,.,n ^ £„(y^^,-,n _ h{e,Xe))de, t G [.s,r], P,,,-a.5. 
Finally, there is C > depending neither on n,m € nor on s,x such that 

E,^x sup + r\zt'^'ydt + E,,x\K^''y 

s<t<T Js 

C I E.^xMXt)]'' + Es,x sup \h+{t,Xt)\'' + E,,x r \git,Xt)\''dt\2.12) 

\ s<t<T Js I 



< 



and 



^s,x sup \Xf —If I 
s<t<T-25 



< c (£;.,.|y^LT - YtT? + Es,x ^ (>^/'"'" - Kt, Xt))- dK^'"^ 

+Es,x£ '(y/'"'"*-M^,^0)"'^^r'") (2-13) 
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for every 6 & [0,T — s]. 

Proof. From Proposition 2.3 wc know that for each n G N there exists a unique solution 
of BSDE(<y9, / + n{y — h)^). To prove (2.11)-(2.13) it suffices to repeat step by step 
arguments from the proofs of corresponding results in [11]. □ 

Let us remark that both terms in (2.10) are bounded uniformly in {s,x) G K for 
every K CC [0, T) x M.^ if h, g satisfy the polynomial growth condition or h satisfies the 
polynomial growth condition and g G hp^q^g{QT) with p, q satisfying (2.2) and g G W. 
The first statement is an immediate consequence of Proposition 3.2 proved in Section 
3. Sufficiency of the second condition on g follows from Holder's inequality and upper 
Aronson's estimate on the transition density p (see [1]). 

Observe also that ii g E ^2,g{QT) then (2.6) holds for a.e. (s,x) G [0,r) x 
because by Theorem 2.2, 

£ (^J^^iE,,, £ \g{t,Xt)\''dtg\x))dx^ ds < C\\g\\lg 

Lemma 2.5 If {Y'''''\ Z'''''\ i = 1,2, is a solution of RBSDE{^, f,h') then for 

every S & [0,T — s], 

E,^^ sup - F/'"'2|2 + E,^, r ^ - Z/'^'2|2 dt 

s<t<T-5 ' Js 

+Es,^ sup |K^^.^.1_K^^.^.2|2 
s<t<T-S 

< C [Es,^ sup \h\t,Xt) - h^{t,Xt)\^ + Es,^\Y^'^s' - l^rlf N . 

\ s<t<T-S J 

Proof See [11]. □ 



2.2 Obstacle problem 

In this subsection we formulate precisely our definition of solutions of the obstacle 
problem and compare it to the well known definitions of solutions in the sense of vari- 
ational inequalities. Wc prove also a priori estimates for solutions and some additional 
technical results which will be needed in the next section. 

In the paper we will use the following notion of the capacity of £^ CC Qt- 

cap^^iE) = inf{^ (l^(^'^)l' + \^v{t,x)\^)dtdx : rj G C^{Qt),V> 

In the standard way we can extend the above capacity to external capacity for arbitrary 

subset E C Qt- It is known that cap^^ is the Choquct capacity (sec Chapter 2 in [13]). 

In the remainder of the paper the abbreviation "q.e." means "except for a set of 
capacity zero". 

Throughout the subsection we assume that g eW and (H1)-(H3) are satisfied. 

Definition We say that a pair (u, /x), where // is a Radon measure on Qt and u : Qt ^ 
is a measurable function defined up to the sets of /i-mcasure zero, is a weak solution of 
the obstacle problem (1.3) with data (p, f, h {OP{(p, /, h) for short) if 



10 



(a) u G <i(QT) n C([0,r],4°'=(R<^)) and for any 77 G wlj{QT), 

^ {u{s),^{s))2ds + ^J^ {ais)Vu{s),Vvis))2ds = {fu{s),vis))2ds 
+ vdi^+{<f,7j{T))2-{u{t),r,{t))2, tE[0,T], (2.14) 

(b) u> h on Qt, 

(c) /^^(t/ - dfi = for all e G Co+(gT), 

(d) X M'^) = for every t G [0, T]. 

Some comments on the above definition are in order. In the next lemma we will 
show that (a) forces IJ-^q^ <S '^'^■Pqj,^ which together with (d) and the well known fact 
that elements of W2'^{Qt) arc defined up to subsets of Qt of zero capacity (see, e.g., 
[6, 12, 21]) ensures that the integral J^J^d vdl^ is correctly defined. We shall see that 
(a) implies that //({s} x M'^) = for s G (0, T), so instead of (d) we could impose the 
condition /Lt({0, T} x W^) = 0. The condition //({T} x W^) = is also necessary for the 
terminal condition u{T) = (p(T) to hold, and a fortiori, for uniqueness of the solution 
of the obstacle problem. Notice also that the integral in condition (c) is well defined 
because u — h>0. 

Let us remark that our definition of the obstacle problem is similar to that in 

stochastic case (condition (d) may be viewed as an analytical counterpart to continuity 
of the process K^'^). Notice also that if the obstacle h is constant, then the above 
definition coincides with the one adopted in [20] (in [20] exclusively constant obstacles 
are considered; this implies that /x is absolutely continuous with respect to the Lebesgue 
measure, so no problems arises with the definition of an obstacle problem). 

Lemma 2.6 IfuE W^'J^^iQr) n C{[0,T],V°''{R'^)) and the pair {u,ix) satisfies 

I + (a(t)V«(t),Vr?(t))2di 

= r {Ut)Mt))2dt+ f ridfi+{ip,ri{T))2 (2.15) 
Jo JQt 

for every rj G W2'^{Qt) H Co{Qt) such that r]{0) = 0, then 

(i) ^iQ^ < capQ^ , 

(ii) n{{t} x M"^) = for every t G (0, T), 

(in) u{T) =ip if and only if n{{T} x W^) = 0, 

(iv) i//x({0,r} X R'') = then (2.14) holds for r] G W^s/o (<3t)- 
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Proof. Fix E CC Qt and choose positive rj G Cq°{Qt) such that r] > 1e- Then, by 
(2.15), 

//(E) <^ {u{t),^{t))2dt+^J^ {ait)Vu{t),Vvit))2dt- {Ut),ri{t))2dt, 

and hence, by GagUardo-Nirenberg-Sobolev inequahty, 

fi{E) < C{cap^^{E))^/W\u\\2,T + ||V^X||2,T + ||/«||2,t), 

which shows (i). Now, fix s G (0, T) and consider the sequence of functions {77"''^} 
defined by 

r 0, te [0,Sn], 



ri(s,x) 



(t-Sn), te{Sn,s) 



, r/(t,x), t G [s,T], 

where {sn} C (0, s) is a sequence such that s„ t s. Observe that 77"'' 
Vr?"'^ ^ l[5,T]xR<iV?? and 



■[s,r]x 



5t 



t G [0,Sn], 



0, 

Tj(s,x) 



[ f(i,x), tG[s,T]. 
Prom (2.15) with 77 replaced by r)'^'^ we have 



j\u{t),r^{t))2dt+ r {u{t),^it))2dt + \ r{ait)Vu{t),Vr,^'%t))dt 
{fu{tW''{t))2dt+ [ ,7"'^dM+(^,r?"'^(r))2. 

JQt 



Letting n ^ 00 and using the fact that u G C([0, T], L2°'^(M'^)) we get (2.14) for every r] G 
W^'^iQr) n Co(QT),i € (0,r]. In particular, for any positive r/ G 1^2 '^(Qr) n Co(Qr) 
and any 0<^<s<Twe have 



[ Vdf^ = [ {u{t),^{t))2dt + l [ {a{t)Vu{t),Vv{t))2dt 

- [ {fu{t), V{t))2 dt - {u{s),v{s))2 + {u{s - h),v{s - h))2, 
J s—h 



SO letting /i | and using continuity of i 1-^ u{t) in L2(M'') we get (ii) and (iii). To 



show (iv) we assume that rj G W2'q{Qt) and consider a sequence {r?n} C W2^{Qt) n 



1,1/ 



Cq{Qt) such that r/^ ^ 77 in W2''^{Qt) and quasi-everywhere in Qt- From (i) and the 
assumption in (iv) it follows that {%} converges //-a.e. in Qt as well. From (2.14) 
applied to jr/n — r/^l we conclude that {?7„} is a Cauchy sequence in Li([f,T] x W^,ii) 
for every t G (0,r]. Therefore (2.14) is satisfied for any ?? G W^'^iQT) and t G (0,r]. 
Clearly, if /x({0} x W^) = 0, then it is satisfied also for t = Q. □ 
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In what follows, given some function u : Qt IK'^ we will extend it in a natural 
way to the function on [—T, 2T] x M'^, still denoted by u, by putting 

' u{-t,x), te[-T,o], 
u{t,x) = I u{t,x), t € [o,r], 

^ u{2T-t,x), t e [T,2T]. 



For £ > set 



1 r 

{t,x) = - u{t-s,x)ds, {t,x)e[0,T]x 
£ Jo 



and note that if u e C([0, T],V°''{R'^)) D W°'J^^{Qt) then G W^aiC^r), t ^ u^{t) G 
L^°'=(M^) is difFerentiable, Vu^ Vu in V°''(Qt) and u^{t) u{t) \n V°''{M.'^) for every 

te[o,T]. 

Lemma 2.7 If {u,^i) satisfies (a),(d), then for any rj G W2q{Qt) and t G (0,r), 

/■'^ dr] 1 /"^ 

j {us{s),-^{s))2ds + - J {a{s)Vue{s),Vri{s))2ds 

= / {fuAs),v{s))2ds + - [ ([ [ r]{s + e,x)dii{s,x))d0 
Jt £ ^0 \Jt-e jRrf / 

+{u,iT),niT))2-{uS),vit))2 (2.16) 
for all sufficiently small e > 0. 

Proof. Using Pubini's theorem and (2.14) we obtain 

= -Ye[ (/^g \a{s)Vu{s),Vr^{s + e))2d^ dO 

+- fir \fu{s)Ms + 0))2ds+ r Y vis + e,x)dfi{s,x)] dO 

£ Jo \Jt-e Jt~e Jr'' J 

+- l\{u{T - 9),r]iT))2 - {u{t - 9), r/(t))2) dO, 
£ Jo 

from which (2.16) follows. □ 

Proposition 2.8 // (u, iJ,) satisfies (a), (d) and u G C{Qt) then Jq^ dji < oo for 
any ^ G Cq{Qt)- Moreover, 

\Hm\l + j\a{s)Vu{s), V«2)(s))2 ds 

= \Wi\\l + 2 r {fu{s),u{s)e)2ds + 2 r f eudii (2.17) 

Jt Jt o/Rd 

for allte [0,T]. 
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Proof. Let r G (0,r). Write uf = By (2.16) with rj = ^"^uf we have 

+- [ ([ [ £,'^uf{s + si,x) dii{s,x)\ dsi 
£ Jo \Jt-si JR'i J 

= r{fu,e{s),ent{s))2ds+Uut{T)\\l-Uut{t)f2+ [ gl d^, (2.18) 



where 



gl{s,x) = ^ llt_s^^r-si]is)^^ (^J^ u{s + Si-S2,x)dS2^ dsi 

for s G [t,T) and g^{T,x) = 0. Observe that for every {s,x) G [t, r) x R'^, 



gl{s,x) = -^J ^ u{s + si- S2,x)ds2j dsi 

for sufficiently small e > 0. Since la"*" — b'^\ < \a — b\ for every a, 6 G M, we have 

^ (y + *i ~ ■^Sja:) dsi^ ds2-^ J (^J u{s,x)dsi^ ds-. 



/ 'u(s,a;)ds] 

^0 



(iS2 



/ u{s + Si — S2,x) dsi 
Jo 

< \ 1 1 u{s + Si — S2,x)dsi - I u{s,x)dsi 
£ Jo Jo Jo 

< -n I I £,'^\u(s + Si — S2,x) - u{s,x)\dsids2, 
£ Jo Jo 

and consequently, g^{s, x) ^'^u^{s, x) for every (s, x) G [t, r) xM*^ as £ ^ 0. Therefore 
from (2.18) we obtain 

^UV^WI - lUu+{t)\\l +^-l\a{s)Vu+{s),V{eu+){s))2 

= l\fuis),en+{s))2ds + lie^'+lli - Uu+{t)g 

+ liminf / / g^4s,x)dfi. (2.19) 

Jt JRd 

Hence, by Fatou's lemma, 

n eu-^dn < luumi + U^Ms)vu{s),v{eu){s))2\ds 

Jt Jr''- ^ ^ Jt 

+ \^ \{Us\e<s))2\ds^\\\i^f2. 
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Letting t | and r | T we see from the above that Jq^ S^'^u^ dfi < oo. Analogously, 
putting rj = S,^u~ we show that Jq^ ^'^u^ dfi < oo, which completes the proof of 
the first part of the lemma. Since \g^^s{s,x)\ < C^^ on [i, r] x M*^ for some C > 
0, using the Lebesgue dominated convergence theorem we conclude from (2.19) that 
(2.17) is satisfied with T replaced by r and t G (0,r]. Because we know already that 
■^Qt ^^1^1 '^1^ ^ letting T t T and t j we complete the proof. □ 

Wc now are ready to prove useful a priori estimates for solutions of an obstacle 
problem. 

Proposition 2.9 Assume (H1)-(H3) with 99 e L2,^(M'^), g G L2,£,((5t)- If{u-,lJi) sat- 
isfies (a) and (d), u G C{Qt), Vn G L2,^((5r) (md there is p : Qt M such that 
G W2g{QT) and jq^iu — p)^dix < for all ^ G Cq{Qt) then there is C > such 
that 



sup \\u{t)\\l+ [ \\Vu{s)\\l ds+ [ \u\q'^ diJ,+ \\iJ,L^y,Q,., 

te[0,T] Jo JQt 2:ey^T/j 

2 



<ClMi^+ sup ||p+(t)||^,, 
V te[o,r] 

+ 



/ (ll^(^)llL + l|VP+(«)llL+lb(^^)llL)rf^) ■ (2-20) 

Proof. Let ^„ G C^{W^) be a function such that ^„ = 1 on 5(0, n). By proposition 
2.8, (H2) and (1.1) 

\\u{t)^nQ\\2 + (a(s)V«(s),V«^^2)(s))2ds 

= MnQ\\l + 2 r{fu{s),u{s)^y)2ds + 2 r [ ufnG'^dfi 

Jt Jt JR'* 

< MnQlll + r ms)^ng\\l + C\\u{s)Ue\\l + ^l|Vn(5)en^||i) ds 



+ 11 P'^ilo'dn, 
Jt J^d 



Moreover, by (2.14) with 77 = p'^^^Q h.ave 



a 



H ./1B<* 2 



+ J {Ms)CnQf2 + Ms)CnQf2 + C\\p+{s)UQ§) ds 

+ 1 {\\^{s)^n8\\l) + Ms)Vu{s),V{p+enQ'){s))2\)ds 

By the above estimates and the fact that \Vq\ < 2ag there is C such that 

Ht)^n6\\l + / l|V«(s)C„^||i < cly^nQWl + sup ||p+(t)Cn^||i 

\ t€\O.T] 
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+ ^ + \\Vp+{s)^nQ\\l + \\9{s)^nQ\\l)ds 

\\uis)(.nQ\\lds + el, + el^ , 



+ 



where 



4 = / Ms)Vuis),u{s)Q^vC)2\ds, el = f \{a{s)Wu{s),p+ {s)Q'V^l)2\ds. 
Jt Jt 

Since — > 0, — > as n — > oo, applying Gronwall's lemma we see from the above 
estimates that sup^gjg.r] 111,^ + lo \\^^i't)\\2,edt is bounded by the right-hand side 
of (2.20), which when' combined with (2.17) and (2.14) gives (2.20). □ 

For convenience of the reader we now recall definitions of solutions of an obstacle 
problem in the sense of variational inequalities (sec, e.g., [4, 8, 17]). 

Definition We say that tt is a weak solution of OP((/p, /, /i) in the variational sense if 
u G W2'g{QT) and for any v G W2^'^(Qr) such that v > h, 

/•^ dv F 
i + {Atu{t),{v-u){t))2,sdt 



+ 1 {fu{t),{v-^m)2,sdt<^\\^-v{T)\\l^, (2.21) 



where 

{Atuit), {v - u)it))2,, = ~{a{t)Vuit), Viiv - umQ^))2. 

Definition Wc say that tt is a strong solution of 0P((/9, /, h) in the variational sense if 
u G Wq, u{T) = and for any v G M^2 'J(Qr) such that v > h, 

''^ ,du '-^ 



{-^{t),iv-u)it))dt+ I {Atu{t),{v-u){t))2,edt 



t^f- ^0 
T 



+ [ {Ut),{v-u){t))2,,dt<0, (2.22) 
Jo 

where (•, •) denote the duality pairing between W2^g{M.'^) and W2~^(^'^)- 

The following proposition shows that continuous solutions of the problem (1.4) 
coincide with solutions of (1.3) in the variational sense. 

Proposition 2.10 // {u,fi) is a solution of OP{(p, f, h) such that u G ^2 g(QT) H 
C{Qt) then u is a weak solution of the problem in the variational sense. If, in addition, 
u G yVg, then u is a strong solution of OP{ip, /, h) in the variational sense. 

Proof Let u G W^^^iQx) n C{Qt) and let {u,fi) be a solution of OP{ip,f,h). By 
proposition 2.8, 

^11^(0)112,, {Atuit), U{t))2,gdt 

= l\Mls+ f {fuit),u{t))2,,dt+ [ uQ^dii. (2.23) 
^ Jo JQt 
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On the other hand, from definition of solution of of OP{(p, /, h) it follows that for any 

V G W2'g{QT) we have 

{u{t),—{t))2,sdt-j^ {Atu{t),v{t))2,,dt 
= r {fu{t),v{t))2,e dt+ j vq" dfi + {ip, v{T))2,e - (tx(0), i;(0))2,e. (2.24) 

^0 JQt 
Combining (2.23) with (2.24) we get 

F dv 

Jo ^0^^^^^^''-''^^^^^^'^'^* + 1 {Atu{t),{v-u){t))2,,dt 

+ [ {U{t),{v-u){t))2,sdt 
Jo 

= —hml^ + ^Ml^ + ^||^(r)|||, - ^||^;(o)|||, - {<fMT))2,, 

+{u{0),v{0))2,s+ / {u-v)Q'^dn 

•JQt 

= A\\u(0)-v{0)\\l^ + %-v{T)\\l^+ [ {u-v)g''d,,. (2.25) 

Since v > h, Jq^iu — v)Q^dix < 0, so (2.21) follows. Now, assume additionally that 
u G Wg. Then by (2.24) we have 

- J\^{t),v{t)) dt - £{AMt), V{t))2,g dt 

= [ {fuit),vit))2,gdt+ [ vQ^dn (2.26) 

^0 JQt 

for every v € W2^^{Qt)- Let E CC Qt- From (2.26) with a positive v G C^{Qt) such 
that w > Ig we conclude that 

du 



where 

cap^^iE) = inf{ / \Vriit,x)fdtdx : ij G C^{QT),r] > Ie}- 
JQt 



On the other hand, it is known (see [5]) that cap q^{E) = j'^ cap^d{Et) dt. Therefore, if 



V G W^2'j^((3r), then there is a version of it which is defined gTeT. Since we know already 
that fi <^ ca^^^, the integral Jq^ v dfi is well defined for v G W^'^((5'r). Therefore, by 
approximation argument, we may take as a test function in (2.26) any v G W2'^{Qt)- 
Now from (2.26) we conclude that for any v G W2°'g^(Qr) such that v>h, 

[ %(^)'^^-^)^*))2,,di + y^ {Atuit),{v-u){t))2,edt 

+ [ {fu{t),{v-u){t))2,sdt= f {u-v)Q^dlJi<Q, 

Jo JQt 
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and the proof is complete. 



□ 



Let us note here that in Theorem 3.14 we will prove that if (n, /u) is a solution of an 
obstacle problem, then u is the minimal solution of the same problem in the variational 
sense. 

3 Existence, uniqueness and stochastic representation of solutions of 
an obstacle problem 

We begin with a general uniqueness result for continuous solutions of (1.4) satisfying 
some weak intcgrability assumptions. 

Theorem 3.1 Assume (H1)-(H3). Then OP{ip, f, h) has at most one solution {u, fj,) 
such that u G C{Qt) n W^'^^iQT). 

Proof. Suppose that (tii,//i), (tt2;A*2) are solutions of OP{ip, f,h) such that ui,U2 G 
C{Qt) n W^^liQr) and let u = ui - U2, n = f^i - fJ.2- Let ^„ : M*^ ^ [0, 1], n e N be 
a smooth function such that ^ri(x) = 1 if |x| < n and ^n(.x) = if |x| > n + 1. By the 
definition of solution of OP{ip, f,h), for any r) G W2q{Qt) we have 





t Jw.'^ Jt 



7]dn+ ifuiis) - fu2{s),r]{s))2ds, t e [0,T]. 



(3.1) 



Prom proposition 2.8 we conclude that 



u{t)QCnf2+ I {a{s)Vu{s),V{uQ\l){s))2ds 



Jt 




ug^^ld/j. + 2 {fu^ (s) - fu^is), u{s)q'^^1)2 ds 



(3.2) 



the last inequality being a consequence of the fact that 




■T 



■r 



T 



(3.3) 



+ / / e''^l{h-u2)dni+ / g''C{h-ui)dfi2<0^ 



By (3.2) and (H2), 
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Jt Jt 

+^J^ \\Vu{s)Q^n\\lds + 2{L + X-^L'^) \\u{s)g^n\\lds. 

Since |V^^| < 2ag^, we have 

rT \ f-T A ^,2 r-T 



[ 



\{a{s)Vu{s),u{s)^lVg'^)2\ds < ^ 1^ \\Vu{s)g^n\\lds + ^ \\u{s)gU\lds. 



It ^ Jt Jt 

Consequently, there is C > not depending on n such that 

\\u{t)g^n\\2<C I \\u{s)gin\\lds+ I \{a{s)Vu{s),u{s)gly^l}2\ds 
Jt Jt 

for t e. [0, T]. Letting n — oo we get 

\Ht)\\ls<c \\u{s)\\l^ds, iG[o,r] 

and hence, by Gronwall's lemma, u = 0, i.e. ui = U2- Using this and (3.1) we see that 
^Qt ~ /qj, 'n{^jx)dfJ-2 for any rj G W2'q{Qt), which shows that /xi = /X2- D 

To prove existence of a solution of the problem (1.4) and its stochastic representation 
we have to impose additional integrability assumptions on g and h to ensure existence 
of a solution of RBSDE((/?, /, /i). The assumptions must guarantee also continuity of 
u because we are able to prove uniqueness and a priori estimates only for continuous 
weak solutions of OP{ip, f, h). Proposition 2.3 and Theorem 2.4 therefore suggest that 
if we want the representation (1.5) to hold we should assume at least that 



^Kcc[o,T)xMd sup {Es^:c sup \h'^ [t , Xt)\^ + E g ,x I \g{t, Xt)\^ dt) < 
{s,x)eK s<t<T Js 



oo. 



Our assumptions on h are slightly stronger but nevertheless seems to be close to the 
best possible. 

Now we provide a useful inequality for moments of the diffusion (X,Ps^x)- It is 
perhaps known but we could not find a proper reference. The inequality is given only 
for moments greater or equal to 4, because such a form is sufHcient for our purposes. 

Proposition 3.2 // {X, Ps,x) 'is a Markov process associated with At then for every 
p>A, 

Es,x sup \Xt\P <CEs,x\Xt\'', 

s<t<T 

where C depends only on A, A, d and T . 

Proof. Let Un be a solution of PDE((^„,0) with (fnix) = |x|^/^lB(o,n)(^)- From [23] we 
know that the pair {un{t,Xt),aVun{t,Xt)), t G [s,T], is a solution of BSDE(y?„,0), i.e 

Un{t, Xt) = ^niXr) - CrVUn{9, Xq) dSgfi, Ps,x-a.s. 
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from which we obtain in particular that Un{s,x) = Eg^x^ni^T)- It is known that 
Un u uniformly in compact subsets of Qt- By Aronson's lower estimate, for all 
sufficiently large n G N we have 

\Un{s,x)\ = Es,x\XT\P/HBiO,n){^T) 

> c! \yf/\T-s)-^l^eM-^7=^)dy 

JB{0,n) ^yJ- - S) 

= C'l+W2)^ls(0,n)(^C(T-.) + x)\XciT_,) + Xfl'' 

( d y/^ 

(-E denotes expectation with respect to the standard Wiener measure on Letting 
n — > cxo we see that jti(s,x)| > C^"'"^'^/^^ By the above and known a priori 
estimates for BSDE we get 

Es,x sup \Xt\P < CEs,x sup |n(t,Xt)p < Climinf^;^,^ sup \un{t,Xt)f 

s<t<T s<t<T n^oo s<t<T 

< Climinf £;,,^|99„(Xr)|' < CEs,x\Xt\p, 

n— »oo 

which completes the proof. □ 
Here and subsequently, we write Hn^s,xl^ if for fixed {s,x) G [0,T) x W^, 

^{t, y)p{s, x,t,y) djin {t, y) ^ ^{t, y)p{s, x,t,y) dii{t, y) 
IQt JQt 

for every £ Cb{QT)- We use the symbol to denote weak convergence of measures. 

Lemma 3.3 Let S be a Polish space and let fi, n S N, be probability measures 
on S such that ///,/„: S' M are continuous functions such that fn—^f 

uniformly in compact subsets of S and 

sup / \fn\dfJ,n < OO, limsup/ \fn\l{\f„\>a}dlJ,n = 
n>lJs °'-*°°n>lJs 

then 

i fndlln^ I f dH- 

Js Js 

Proof. It is sufficient to modify slightly the proof of [7, Lemma 8.4.3]. We omit the 
details. □ 

We now prove our main existence and representation results. For reasons to be 
explained later on, we decided to consider separately the case of square-integrablc data 
if, g, h and the case where the data are square-integrable with some weight g G W such 
that g < 1. 
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Theorem 3.4 Let assumptions (H1)~(H3) hold with (p G L2(IR'^), g G L2(Qt) and 
moreover, assume that g satisfies (2.4), h G L2(Qt) H C{Qt), h <iIj for some ip such 
that ijj G W2'^{Qt) and h < cg"^ for some c > 0, g E W. Then there exists a unique 
weak solution {u, /x) of OP{ip, f, h) such that 



(i) u G C([0,r) X 

(ii) Un T u, Un ^ u in W^f^^iQr) n C{[0,T],V°''{Qt)), Un ^ u in L2(Qt) and 
Un => 1^, l^n ^ IJ' in {W2fo^{QT)T, Un =^s,x fJ- for every (s, x) G [0, T) x W^, where 
djjLn = n{un — h)~d\ and Un is a unique weak solution of the Cauchy problem 

d 

{-g^ + At)un = -fun-n{un-h)~, Un{T)=ip. (3.4) 

Moreover, for each {s, x) G [0, T) x M.'^, 

(u(^,Xt),(7Vu(^,Xt)) = (r/'^Z^> te[s,T], Ps,^-a.s. (3.5) 

and ^ ^ 

Es,x [ i{t,Xt)dKl^^ = I I at,y)p{s,x,t,y)dii{t,y) (3.6) 

Js Js JRd 

for every ^ G Ci,{Qt), where (y^'^ , Z^^^ , K^^^) is a solution of RBSDE{ip, f,h). 

Proof. Step 1. We first show existence of n G W2'^{Qt) and a Radon measure /x on 
Qt such that 

^ {u{t),-^{t))2dt+-J^ {ait)Vu{t),V7]it))2dt 

= r {fu(t)Mt))2dt+ f vdfi+{'P,ri{T))2 (3.7) 
Jo JQt 

for every 77 G W^'^((5t) H C{Qt) such that 7/(0) = 0. From Proposition 2.3 wc know 
that there exists a unique weak solution Un of (3.4) such that Un G C([0, T], L2(M'^)) 
and Un G C([0, T) x W^). Set = n{un — h)~ and let diin = r„dA. Then for any 
7/ G W^io (Qt), 

J {un{s),—{s))2ds+-J {a{s)Vunis),Vri{s))2ds = J {fun{s),'n{s))2ds 
+ I I Vdfin + {V,V{T))2 - {unit)ri{t))2, t G [0,T]. (3.8) 

Jt JW^ 



By Proposition 2.9 with p = there is C > such that 

sup ||7i„(t)||i+ / \{ait)Vun{t),Vun{t))2\dt<C (3.9) 
te[o,T] 7o 

for every ti G N. Since, by continuity of Un and comparison results (see [4, Theorem 
4.1.7]), Un{t,x) < Un+i{t,x) for every {t,x) G [0, T) x M*^, there is u such that ii„ \ u. 
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By Fatou's lemma and (3.9), u E L2((5t)- In fact, since ui < Un < u, it follows that 
Un < Ui + u? and hence, by the Lebesgue dominated convergence theorem, that Un ^ u 
in LsCQt)- Let x, y) = fu„{t, x)+n{y - hit, x)) and let (y*.^.'^, Z*>^>") be a unique 
solution of BSDE(v9,/n). By results of [23], {un{t,Xt),aVun{t,Xt)) = (y^^'=^'"^ ^|.^.") 
Pg^x-^-S- and hence, by (2.12), 

K(s,x)|2 < CE,,J\^{XT)f+ r \g{t,Xt)\^dt+ sup \h+{t,Xt)\^ 

\ Js s<t<T 

for all {s,x) € [0, T) x M'^. Thus, u{s,x) = sup„>j^ m„(s, x) < oo and consequently, u is 
lower semi-continuous on [0, T) x M*^. Let CC Qt and let G C^{Qt) be a positive 
function such that rj = 1 on K. Since 

^■n{K) < r}dnn = j {un{s),-Q^{s))2ds + j {a{s)V Un{s) ,V r]{s)) 2 ds 

- i {fu„{s),v{s))2ds, 
Jo 

we conclude from (3.9) that sup„>i /Lt„(ii') < oo. Thus, by the weak compactness 
theorem for measures (see Section 1.9 in [12]), {/U„} is tight. Therefore there is a 
subsequence, still denoted by {n}, such that Jq^ f dfin ^ [qj, f '^f^ every / G 
Co{Qt)- Let Q & W he such that J^d{QQ~^ (x))'^ dx < oo and let K CC Qt- Then by 
Theorem 2.2, 

J^d f"^"'^ I V('"ti ~ Um){t, Xt)\ dt^ g (x) dx > C|| V('U„ — Um)Q \\i (3.10) 

By (2.11), for every X G W^, ^n,mi^) = ^o,x Jq |V(u„-u^)(t, Xt)|2 ^ as n,m ^ oo. 
Moreover, by (2.12) and Proposition 3.2, 

\^n,m{^)\<CiEoMXT)\^+Eo,x f \g{t, Xt)\Ut + Q-\x)) 

Jo 

for some C not depending on n, m. Therefore it follows from Theorem 2.2 and the 
Lebesgue dominated convergence theorem that the left-hand side of (3.10) converges 
to zero as n,m oo and hence that ||lA'V(it„ — iim) 111 ~^ for any K CC Qt- Using 
properties of and {/in} we have already proved we conclude from (3.8) that (3.7) 
holds for every 77 G wI'^{Qt) fl Cq{Qt) such that 77(0) = 0. 

Step 2. u e C([0,T) X M*^) n C([0,r],L^°^(M<^)). To see this, we first observe that 
u{s,x) = y/'"" for (s,x) G [0,r) x R'^, since 

\uis,x) - y/'^|2 < 2 hm (|(u - u„)(s,x)|2 + E,,,|y/'-''^ - y/'-|2) = o. 

n— >oo 

Hence u{s,x) = Yg'^ < h{s,Xs) = h{s,x), i.e. {u — h)~ = and, by (2.13), for any 
n,m eN, S > and any K CC [0,T -25] x R*^ we have 

K{s,x) - um{s,x)\' < C{Es,x\Y^f^^ - Y^'^fl' + I^f^ + (3.11) 
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where 

I'n^m = Es,. V/'"'" - h{t, X,))- dK^^^ 

and K*'^'"* is defined as in Theorem 2.4. By Aronson's upper estimate, 

Es,x\Y^'^'g"' - y^f^^P = Es^^\{Un - Um){T - 5,Xt-6)\'^ 

= / \{un-Um)iT-S,y)\'^p{s,x,T-d,y)dy 

with some C depending neither on (s,x) G K nor on n,m G N. Moreover, 
\i:,fj'<E,,, sup \iunit,Xt)-h{t,Xt))-\^-E\K^'^f\^ 

s<t<T-S 

In view of (2.12), sup„>^ sup^-^ ^-jg^ < cxd. By Dini's theorem, (u„ — h)^ 

(u—h)" = uniformly in any compact subset of [0, T) xM"'. Therefore, since \h{t, Xt)\ < 
\u{t,Xt)\ + g~^{Xt), t G [0,T], where u is a solution of PDE{ip, f), it follows from 
Theorem 2.1, Proposition 3.2, Lemma 3.3 and the Lebesgue dominated convergence 
theorem that supj-^, x)eKi-^n!m + Im^n) ^ as n, m ^ oo. From the above estimates and 
(3.11) it follows that Un ^ u uniformly in any compact subset of [0, T) x W^, which 
implies continuity of u on [0, T) X W^. By Theorem 2.2, 



/ Eo-x sup \Y^' ' -Yf' ' \ Q [x)dx 

jR'i t£[0,T] 

> sup / £;o,xKt \ Q [x)dx 

te[o,T] Jr<^ 

= sup / EQ^x\{Un - Um){t, Xt)\^ {x) dx > C SWp || (^^n " «m) (*) lll.e • 

te[o,r] te[o,r] 

Therefore, choosing q such that J]gd(^^~^(a;))^ da; < oo and arguing as in the 

proof of convergence of the left-hand side of (3.10) we deduce from the above that 
suPtg[o,T] IK^n ~ ■"m)(i)||2,0 — as n, 771 — OO, and hence that u G C([0, T], L2"^(]R'^)). 

Step 3. u is the unique weak solution of the problem OP {ip, f, h). We know that 

Eo,x at,Xt)dK^'''''' = Eo,x ^n{un-h)-{t,Xt)dt 
Jo Jo 

= / ^ii,y)pis,x,t,y)diin{t,y) (3.12) 

for all ^ G Co{Qt)- Let K CC and C C^(Qt) be such that i ^{o}xK- Since 
A^n =^ it follows from (3.12) and (2.11) that 

/ iEo,x [ ^nit,Xt)dK^''')dx> [ in{t,y)dii{t,y) 

JRd Jq JQj, 
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for n G N. Letting n oo and taking into account that K^^^ is continuous we deduce 
from the above inequahty that Jg^ l|o}xx(^) v) diJ,(9, y) = 0. Therefore ^({0} x K) = 
for any K CC M*^ and hence /u({0} x W^) = 0. Now from Lemma 2.6 and Step 2 it 
fohows that X W^) = for all t € [0,T]. Using this and Lemma 2.6 we see that 

(2.14) is satisfied for any r] G W2q{Qt) and t G [0, T]. Since Un — h^u — h uniformly 
in compact subsets of [0,r) x M*^, 

pT—6 p rT—5 p 

/ / i{un-h){t,x))djin{t,x) ^ I I (,(u- h){t,x))dn{t,x) 
Js JR'i Js JR'^ 

for any ^ G C(|(R'^). Hence, smce 

[ [ ^{Un- h){t,x)dHn{t,x) 

Js JR'' 

= IT' / ^{un — h) ■ {un — h)~ {t,x) dtdx < 

and u> h, it follows that Jq^ ^{u — h) d/j, = 0, which shows that u solves OP{ip, f, h). 
Uniqueness follows from Theorem 3.1. 

Step 4- We show (3.5). Prom [23] we know that 

Unit,Xt) = ^{Xt)+ £ fi9,X0,Uni9,X0),aVUn{0,Xg))de 

^j^s,.,n _ j^s,x,n _ j\^y^^^Q^ X0),dB,^e), Ps,x-a.S. (3.13) 



for all n G N. Since Un ^ u uniformly on compact sets in [0, T) x W^, it follows from 
(2.11) that u{t,Xt) = y/'^, t G [s,T], Ps,a;-a.s. To prove that aVu{t,Xt) = Z/'^, 
A (8> Ps,j;-a.s. observe that for any K CCW^ and any S G (0, T — s], 



Es,x f l{x,6i^}kVu(t, Xt) - ^,^'^2 

Js+S 

< 2E,,^ / l{x,eK}{\<yyiu - Un){t,Xt)\^ + - Z, 

Js+5 

< CS-'^/'' r [ \V{u - un)it, y)p dt dy + 2^,,^ f - 

Js+SJK Js+S 



S,X,n r;'S,X^2^ 



which converges to zero as n — oo since Vu„ — Vu in L2"^((5r)- Hence, by Fatou's 
lemma, £'5,3; jj^ \aVu(t, Xt) — Zp^\^ dt = 0, as required. 

Step 5. We show (3.6) and that Hn^s,xlJ-, fJ-n ^ fJ- (^2^ilc(Qr))* every (s,x) G 
[0,r) x R'^. Let ^ = ^+ - G a(QT). By Theorem 2.4, 



E 

^s,x 



C n^{Un - h)-{e,Xg)de - r ({e,Xg)dKl''' 
Jt Jt 



2 



(3.14) 
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for every t G [s,T]. Since /U„ ^ on Qt and /u({t} x M'^) = for every t £ [0,T], we 
see that Mn|[ti,t2]xR<* ^ A*l[ti,t2]xR<* for every i < ii < ^2 < 7"- Hence we have 

fT 



Js+S Js+5 

= lim / ^,+{t,y)p{s,x,t,y)diJ,nit,y) 

Js+S JW^ 

for < s < T, 5 > 0. Applying the monotone convergence theorem we see that 

Es,:c r e{e,Xe)dKl^'' = r f t{9,y)pis,x,e,y)d^iie,y) (3.15) 

Js Js 

for all s € [0, T]. In the same manner we can see that (3.15) holds for ^~ in place of 
and hence for ^ in place of Consequently, (3.6) holds for s € [0, T]. That fin =^s,x l-i' 
now follows from (2.11), (3.14). Strong convergence of {fin} to /j, in (1^2^;oc(Qr))* 
follows from (3.8), (2.14) and the fact that u„ ^ u in W^2 ioc('3T)- D 

Corollary 3.5 Under the assumption of Theorem 3.4, for any < ti < t2 < T and 

any closed subset F of we have 

fiiitiM X F) = / Et,,, r lF{Xt)dKl''''dx. (3.16) 

^Rrf Jti 

Proof. Let us choose a sequence {^„} C Ci,{Qt) of positive functions such that ^„ J, 
fjJxF- Since (3.14) holds for ^„ in place of we get (3.16) letting n — > oo and 
then integrating with respect to the space variable. □ 

Corollary 3.6 Let assumptions of Theorem 3.4 hold. Then fi is absolutely continuous 
with respect to the Lebesgue measure with density r iff 

K't^"" = j\{e,Xe)de, t€[s,T], Ps,:c-a.s. (3.17) 

Proof. Sufficiency follows immediately from (3.6). To prove necessity, suppose that 
(u, rdX) is a weak solution of the 0P(<^, /, h) i.e. (u — h)diJ, = 0, u> h and 

du 

— + Atu = -fu - r, u{T) = ip. (3.18) 
Set = (r A £~^)'\.b(q e-i) and let be a weak solution of PDE((/3, /„ + r^), i.e. 



?(0,£-l) 

dUe 



^ +Atu, = -f^-r', Ue{T) = ip. 
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Then 

\We{t)\\l + hVUe\\\T = 2/ {fu{s),Ue{s))2ds + 2 {r' (s) ,Ue{s))2 ds 

Jt Jt 

< f \\ue{s)\\lds+\\fu\\lT + 2 f {r{s),\u{s)\)2ds 
Jt Jt 

and hence, by Gronwall's lemma, 

ll«e(i)||i + lkVue|||T<C(ll/«lli,T+ / {rit),\uit)\)2dt), (3.19) 

Jo 

which is bounded, because {r{t),\u{t)\)2 dt < oo by Proposition 2.8. Since {u^} 
is increasing, there is u such that t u- Since we know that {ue} is bounded in 
^2 '^ (Qt), ^ u in L2((5t) and Vn^ — > V-u weakly in L2((5r) from which it may 
be concluded that « is a weak solution of (3.18). Therefore, u = u, hy uniqueness of 
solution of PDE((^, /„ + r). Now, define Vnilin as in Theorem 3.4. Let ^ G C},{Qt)- 
Since =>s,x A* for every (s, x) G [0, T) x and djj, = r dX, 

Es,x r Xt) dKp^ = Es,^ r at, Xt)r{t, Xt) dt. (3.20) 

J s J s 

Indeed, for every n G N we have 

Es,x f at,Xt)dK^'''''' =11 at,y)pis,x,t,y)di^nit,y) 

Js JM.'iJs 

= at,y)pis,x,t,y)rnit,y)dtdy, 

jRdJs 

so letting n — > 00 leads to (3.20). By approximation argument, (3.20) holds for any 
^ G C{Qt) such that Eg^x \i{t, Xt) \ dK^'^ < 00. In particular, it holds ioi ^ = u — h. 
Hence, letting £ J, and applying the Lebesgue dominated convergence theorem we 
obtain 

= Es,x j\ue - h){t,Xty{t,Xt)dt (3.21) 
^ Es,x f {u- h){t, Xt)r{t, Xt) dt = Es,x I {u- h){t, Xt) dK^'^ = 0. 

J s J s 

By representation results proved in [23], 

uS,Xt) = ^(Xt) + fifu + r'){e,Xe) de - r uVu,{e,Xe) dB.^e- (3.22) 
Jt Jt 

Applying Ito's formula we obtain 

II = Es,x\uS,Xt)\^ + Es,x j'^ \c7Vu,{e,Xl'^)\''dt 
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< EsMx^"")]^ + Es,a^ \fu{e,X0)\Ue + Es,^ \ue{e,X0)fde 

Jt Jt 

I + 2Es,^ r'h+ {9, Xe) dO 
for every t E [s,T]. Hence, by Gronwall's lemma, 

/2 < CEs,^ (^MX^")\^ + £ \fu{t,Xt)\^dt + \I^\ + j\r'h+)it,Xt)d?j . (3.23) 
For any a > 0, 

Es,x [ {r'h+){t,Xt)dt<E,,Ja sup \h+ (t, Xt)f + a'^\ [ r'{t,Xt)dtA 

Js \ s<t<T Js I 

and, by (3.22), 

Es,:c\ / r'{t,Xt) < £;,,^|(^(X^'^)|2 + Es,:c / |/«(i,^t)|' dt + II (3.24) 

J s J s 

Hence, choosing a sufficiently large a we see from (3.23) that 

le < CEs,. I |</'(^t'")I' + r \fu{t,Xt)\^dt + \l',\ + sup \h+{t,Xt)A . (3.25) 
y Js s<t<T J 

Therefore, combining (3.24) with (3.21), (3.25) and using Fatou's lemma we conclude 
that Eg^xiJ^ r^t, Xt) dt)'^ < oo. Finally, by (3.22) and Ito's formula, for any £i,£2 > 
and a > we have 

fT 

Es,x\iu,^ - Ue,){t,Xt)\^ + Es,^ J \aViUe,-Ue,){t,Xt)\^dt 

< CEs,x j\r'^ -r'^){u,,-u,^){t,Xt)dt 

<CEs,x sup \{u,,-u,,){t,Xt)\ r \{r'' -r'')it,Xt)\dt 

s<t<T Js 

<a-^CEs,x sup \{ue,-Ue^){t,Xt)\^ + aCEs,J r \{r'^ -r'^){t,Xt)\dt\ . 

s<t<T \Js J 

Hence, using the Burkholder-Davis-Gundy inequality we obtain the estimate 

,x 

sup \{u ){t,Xt)\^ + Es,x / \aV{u,,-u,,){t,Xt)fdt 

s<t<T Js 

<CEs,, \{r'^ -r''){t,Xt)\d?j 

with C not depending on £i, £2- Therefore letting e | in (3.22) we see that the triple 
{u{t,Xt),aVu{t,Xt),Jlr{t,Xl''')dt), t G [s,T], is a solution of RBSDE((/?, /, ^) which 
in view of uniqueness completes the proof. □ 
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Lemma 3.7 If u is a solution of PDE{ip, f) and {u, /i) is a solution of OP{ip, f, u) 
then {u,iJ,) is a solution of OP{ip, f, h). 

Proof. Let (u, ii) be a solution of OP{(p, f,h V u). Then u > h V u > h. Moreover, 
by comparison results, for any solution {ui,fii) of 0P((^, /, /ii) with some hi we have 
ui > u. Hence /^il{/ii<u} = 0, and consequently, 

/ {u — h) d/j, = {u — h)dfx+ {u — h) dfi = (u — V u)) dfi = 0, 

JQt J{h<u} J{h>u} J{h>u} 

which proves the lemma. □ 
Lemma 3.8 Let (p G l^2,e{QT), 9 £ '^p,q,Q{QT) ■ Then 

and ^ 

Es,.J^ \g{t,Xt)fdt < CQ-\x)\\g\\l^^^. 

Proof. Both inequalities follows form Aronson's estimates, because 

Jmd J^d \Q{y-x)\^ 

< Ce-\x){T-s)-''/^^\\l^ 

and, by Holder's inequality, 

n\9{t,y)\'^p{s,x,t,y)dtdy 

<Cq-\x) [ [ \git,y)\^g\y)pis,x,t,y)g-^{y-x)dtdy 
< CQ-^{x)\\g\\l^gJ\p{0,0,-,-)Q-'^\\^p/2y,(q/2y, 
which is finite by Aronson's estimate. □ 



Lemma 3.9 If (fi € L2,^(M'*), g € l^2,g{QT) for some g e W and (2.6) is satisfied for 
every {s,x) G [0,r) x W^, then for every K CC [0,r) x 

sup Es^x\{ip - 
{s,x)eK 



and 



sup E,,^ / \{g-gn){t,Xt)\''dt^O 

s.x)€K Js 



{s,x)eK 

asn^oo, where ipn = 'plB{o,n), gn = g^B{o,n) 
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Proof. The first assertion follows from Lemma 3.8. To prove the second, let us choose 
R>0 such that K C [0, T) x B{0, R) and x G B{0, R). Then for n > 2R we have 

nl idn - g) {t, y)fp{s, X, t, y) dt dy 
'A 

\{9n - g){t,y)\^ g^iy)p{s,x,t,y)g~^{y) dtdy 



f f 

Js Jb<={0,2R) 
cT 



<Cq (x) / \{gn~ g)it,y)\ g {y)ip{s,x,t,y)dtdy, 

where ip{s,x,t,y) = (t — s) exp ( — ) ( 1 + \y — xp)^". Since ip is bounded for 
< s < t < T, \x — y\ > Rwe see that 

Es,x [ \{g-gn)it,Xt)\'^dt = [ [ \ign-g)it,y)\'^p{s,x,t,y)dtdy 

Js Js JW 

< Ce-H^)\\gn-g\\l,,T (3-26) 

for {s,x) ^ K, n> 2R, which completes the proof. □ 



Theorem 3.10 Let assumptions (H1)-(H3) hold with (f G L2,^,(M'^), g G ]L2,i,{Qt), 
where g E W and g < 1. Moreover, assume that g satisfies (2.4), h G C{Qt) and 
h < cg"^ for some c > and g E W such that g~^ G L2,^(M'^). Then there exists a 
unique solution {u,fi) ofOP{ip,f,h) such that u e C{[0,T) xW^)nW2^l{QT) and (3.5), 
(3.6) hold for each {s, x) G [0, T) x W^. 

Proof. We divide the proof into two steps: the case of linear and scmilincar equation. 
Step 1. We first assume that / = f{t,x),{t,x) G Qt satisfies (2.4) with g replaced 
by /. Suppose that h{x) < cg~^, where g{x) = (1 + for some c, /3 > 0. Set 

ipn = lB(o,n)^j fn = l_B(o,n)/ Consider a sequence {/in} C W2'^{Qt) such that 
hn < 2c^^^, n G N, and /i„ h uniformly in compact subsets of Qt. By Theorem 3.4, 
for each n G N there is a unique solution {un,fJ,n) of OP{(pn, fm hn), and moreover, 

and ^ ^ 

y)p{s, X, t, y) dunit, y) = E^,^ I ^{t, Xt) dif^"'^'" 

■ Js 

for all ^ G C}){Qt), where (y^^'^'^^2^'^'^,K^'^'^) is a solution of RBSDE(<y9„, /„, 
By Lemma 2.5, 

Es,x sup \{Un-Um){t,Xt)\^ +Es,x SUp |^«'^." _ |2 
s<t<T s<t<T 
fT 

+Es,x \aV{un-u„,){t,Xt)\^dt 

J s 

<Es,x sup \{hn-hm)it,Xt)\'^ +Es,x\{Vn-^){XT)f 
s<t<T 

j-T 

+Es,xJ \{fn-fm){e,Xe)fde. (3.27) 
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From this and Theorem 2.2 we deduce that 

|2 , MV7('„. „. M|2 



IIK - Um){s)\\2,g + ||V(n„ - Um)\\2,e,T 

<C\ Es,x sup \{hn-hm){t,Xt)\^Q^{x)dx+\\ipn-^m\\lQ 
yjRd s<t<T 

+ ll/n-/m|||,,T)- (3.28) 

Using Theorem 2.2 we also get 

SU^ \\{Un-Um){t)\\lQ<C I SU^ Eo,:,\{Un - Um){t, Xt)\^ q'^ {x) dx. (3.29) 
<t<T jRd 0<t<T 



0<t<T 

Due to Lemma 3.7, without loss of generality we may assume that hn > Un-, where Un is 
a solution of PDE(99„, /„). Prom comparison theorem (see [11]) we know that u < Un, 
where uis a contimioTis sohition of PDE(— 1(^|, — 1/|), and that u„ \ u, where u„ is a 
continuous solution of PDE(— — 1/„|). Since 

Es,x sup \{u{t,Xt))+\'' <Es,x sup |(u„(t,Xt))+|2 

s<t<T s<t<T 

and 

Es,x sup \{u{t,Xt))~\'^ = Es,x lim sup \{u^{t,Xt))-\'^ 

s<t<T 1''-^°^ s<t<T 

< liminf^;^ ^; sup \{u„{t, Xt))~\'^, 
s<t<T 

from a priori estimates for solutions of BSDE(— — 1/„|) (see [23]) we get 

Es,x sup \uit,Xt)f < CEs,x f |¥'(^t)|' + r \g{t,Xt)\^dt\ . (3.30) 

s<t<T \ J s J 

Since \hn{t,Xt)\ < \u{t,Xt)\ + 2(1 + \Xt\^)^ and {hn} converges uniformly in compact 
subsets of Qt, using (3.30), Proposition 3.2 and Lemma 3.9 we conclude that the right- 
hand side of (3.27) converges to zero as n,m —> oo. Prom this it follows that there 
is u such that Un u pointwise in [0, T) x W^. Moreover, using (3.28), (3.29) and 
arguing as in the proof of convergence of the right-hand side of (3.10) we conclude that 
Un —>■ u in W2'g{QT) and Un —> u in C([0, T], L2,^(M'')). By the definition of solution 

of OF {(pn,fn,hn), 

/■^ dn 1 

J {un{s),—{s))2ds + -J {a{s)Vun{s),Vr]{s))2ds 

= f {fnis),vis))2ds+ f f ridfln + {<fn,ViT))2-{Un{t),v{t))2{^-m 
Jt Jt JM.'i 



for any r] G l^a/o (Qr)- Therefore, if K CC [0,T) x R'^, then choosing r] € W^'^iQr) D 
Co(Qt) such that 77 = 1 on and < < 1 we deduce from (3.31) and Proposition 2.9 
applied to {umHn) and p = 2g~^ that sup„>]^ l^ni^) < 00. Thus, is tight. Taking 
a subsequence if necessary we may assume that /in ^ IJ-, where /i is a Radon measure 



30 



on Qt- Using arguments similar to those in the proof of Step 3 of Theorem 3.4 shows 
that ii{{t] X R'^) = for every t G [0, T]. Now we wih show that u is continuous on 
[0, T) X W^. By Lemma 2.5, for any < (5 < T/2 and K CC [0, T - 25] x W^, 

sup \{Un-Um){s,x)\^ < SUp Eg^x SUp \{hn - hm){t, Xt)\^ 
(s,x)eK {s,x)eK s<t<T-S 

cT 



+ sup / \{fn-fra)(t,Xt)\^dt+ SUp i?.,. | F^LT " ^tIT" 
(s,x)eKJs (s,x)eK 



Since ^ h uniformly in compact subsets of Qt, using Theorem 2.1, Proposition 3.2 
and Lemma 3.3 we conclude that the first term on the right-hand of above inequality 
converges to zero as n,m — > cxd. Convergence of the second term follows from Lemma 
3.9 and the third from the inequality 

sup £;.,.|K^LT-^r-n'< sup CQ-\x)d-''/''\\iun-Um)iT-5)\\2,, 

{s,x)&K {s,x)eK 

which is a consequence of Lemma 3.8. Thus, u € C([0, T) x W^). The pair {u, fi) is 
a weak solution of OP{ip, f, h), because letting n — > oo in (3.31) we get (2.14), and 
similarly, by passing to the limit we show that conditions (b), (d) of the definition of a 
solution are satisfied. Finally, (3.5), (3.6) we show as in the proof of Theorem 3.4. 



Step 2. We consider the general semilinear case. For 7 > to be determined later let 



y(7) denote the Banach space consisting of elements u of W^'^((5r)nC([0, T], L2,p 
equipped with the norm 

ll^lly(7) = sup ||«7(«)llL+ll^7llL,T + ^l|V%||2,^,T> 

^" n<.s<T ^ 



where ■u-y(s,x) = e^'^/'^u{s,x). Write Kn = [0,T— 1/n] x B{Q,n). By yV(7) we denote 
the Frechet space of elements of W2'^{Qt) such that sup^^ .^^g;^^ ||'"||7,s,a; < 00 for all 
n G N equipped with the F-norm 



\u\ 



00 

>V(7) =Y1 2" 
n=0 



where II tt 1 1 ^^3^3, = J^J^d e^*(k(i,y)P+A|Vtt(i, y)p)p(s,x,i,y) (itdy, and by the Frechet 
space of elements of C([0, T) x R'^) with the F-norm 

Mb = 2^ ^ • 

n=l 

Finally, let denote the Frechet space B n ^(7) n equipped with the F- 

norm Wuf^ = ||w||y(-y) + |h-i||w(7) + Ih^ll-B- Now, define the mapping $ : — > Ai^ 
by putting ^{v) to be the first component of the solution (u,//) of OP{ip, fv, h). By 
Step 1 the definition of $ is correct. We are going to show that $ is contractive on 
M.^. Let vi,V2 G M-y and let {ui,fii), i = 1,2, be solutions of 0P((^, /^., /i). Set 
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u = ui — U2 = ^{vi) — ^{v2), n = /Ui — By the definition of a solution of the 
obstacle problem, 

{u{t),rj{t))2 + {u{s),^{s))2ds + ^j^ {ais)Vu{s),Vvis))2ds 

= [ f vdl^+ [ ifviis) - fv2{s),r]{s))2ds. 
Jt JR'i Jt 

Putting rf{s) = e'^^u{s)g'^^^, where ^„ is defined as in the proof of Proposition 2.9, we 
obtain 

e'^'{u{t),uit)Q''en)2 + 1 j'^ e'^%u{s),u{s)Q'en)2 ds 

+ £ e-r^uis), ^^{s)QYn) ds + \j^ e^^ {a{s)Vu{s), V{uqHI){s))2 ds 

= r f u{s)e'endli+ r e^'{U,{s)-UM,<s)Q''en)ds. 
Jt Jm.<^ Jt 

By the above and (3.3), 

e^* \Ht)Q^nf2 + 1 \Hs)qU\1 ds + \j^ e^' ^^\\u{s)QUt ds 

+\ £ e''^a{s)Vuis), V{ug^en)is))2 ds < £ e^^f,, (s) - f,,{s),^is)QHn) ds. 
Consequently, 

e^'\\u{t)Qin\\l + l e^'\\u{s)Qin\\lds+ / e''{a{s)Vu{s),V{uQ'en){s))2ds 
Jt Jt 

< 2 j\'^%U,{s)-U,{s),u{s)e''en)2ds. 

Letting n — > oo and performing computations similar to that in the proof of Theorem 
3.1 we get 

cT \ rT 



e^*H0elli + 7_^ e'r^\\u{s)Qgds + ^J^ e^'\\Vu{s)ef2ds 



The right-hand side of the above inequality may be estimated by 

2L j\^m{vi-V2){s)Q\\2Ms)Q\\2ds 

+2LA j"^ e^^||V(^;i - V2){s)q\\2\\u{s)q\\2 + ^ e^'ll«(s)^lli ds 
<{4L' + ^^ + -)J^ e^^\\u{s)g\\lds + -J^ e^^\{v, - V2)is)e\\lds 



+\ r ^e^l'^{v^-V2)is)gf2ds. 
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Putting 7 = 1 + + SA-^A^L^ + (2A)-^A we see that 

\mVl) - ^V2)\\vi-y) ^ - V2\\v('y)- (3-32) 

Let (Y^,^^\Z^''='\K^''=''), i = 1,2, denote a solution of RBSDE(<y?, /^,, ^) and let v = 
vi — V2- We already know that (Y^'^'^^z^'^'"^) = {ui{t, Xt),a'Vui{t,Xt)), t G [s,T]. 
Therefore, since Es,x fi^ e^%{e,Xg) d{K^''''^ - isT^''''^) < for every t G [s,T], using 
Ito's formula we have 



< 2Es,x e^'u{u, - u^){e, Xe) de 

< '^LEs,x e"'\{e,Xe){\v\ + \aVv\){e,Xe)de 

< 8X-^AL^eEs,x eT^|n(0,Xe)p de 

+e-^E,^^ £ e^\\v\'' + X\Vv\''){9,X0)\ dO. 

Putting 7 = 1 + 8AA~^L^e with suitably chosen e > in a standard manner we deduce 
from the above and the Burkholder-Davis-Gundy inequality that 

Es,x sup e^'\u{t,Xt)\^ + Es,x I Xe'^\\u{t,Xt)\^ + \Vu{t,Xt)\^)dt 

s<t<T Js 

<A-^Es,xj^ e^\\v\^ + X\Wv\^){t,Xt)dt. (3.33) 
Prom this we obtain 

\\^{vi) - ^{v2)\\b + \\^{vi) - ^{V2)\\yv(^) < 2'^(||fi - V2\\b + \\vi " V2\\w{y)), 

which when combined with (3.32) shows that <I> is contractive on A4^. By Banach's 
principle, $ has a unique fixed point u. Clearly, the solution (u, /x) of OP{ip, /„, h) has 
the asserted properties. □ 

One can prove Theorem 3.10 by the method of stochastic penalization used in the 
proof of Theorem 3.4. To apply that method one should first generalize results of [23] on 
representation of solutions of the Cauchy problem proved for (p G L2(M'^), g G ]L2{Qt) 
to the case ip G L2,^(M'^), g G 1^2,s{Qt) for some g G W. Since detailed proof of such 
a generalization does not bring new ideas and at the same time requires some efforts, 
we decided to present a diff'erent approach. Note, however, that the adopted approach 
uses some ideas from [23]. 

Corollary 3.11 Let assumptions of Theorem 3.10 hold. Define {un, Hn) o,s in Theorem 
3.4. Then 

(i) Un ] u uniformly in compact subsets of [0,T) x W^, Un ^ u in 1^2'^ (Qt) H 
C{[0,T],h2,,{QT)), 
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(ii) ^ H, iJ-n ^ 1^ in {W2^^{Qt))*, l^n^s,x for every {s,x) G [0,T) x R'^. 

Proof. Follows from Theorems 2.2, 2.4 and 3.10. □ 

Let us remark that Corollaries 3.5, 3.6 hold also under the assumptions of Theorem 
3.10. The proof of Corollary 3.5 runs as before. In the proof of Corollary 3.6 the main 
difference consists in the fact that instead of boundedness of {us} in W2'^{Qt) (see 
(3.19)) we have to prove its boundedness in W2 (Qt)- The last assertion one can show 
using arguments from the proof of Proposition 2.9. 

Corollary 3.12 Let assumptions of Theorem 3.4 or Theorem 3.10 hold and let {u, /j,) 
be a solution of OP{ip, /, h). 



(i) Ifg£ hp^q^g^Qr) then 



\uis,x)\ + ||u||w.(.,.,T) < Cg-\x){l + {T- s)-^/^^\\l^ + II fH' 



(ii) If \(p\ < eg ^ for some c > 0, g E W (i.e. (p satisfies the polynomial growth 
condition) then 

\uis,x)\ + l|n||w,(.,.,r) < Cg"\x){l + ||/||^,,J)'/'. 

(iii) // \(p\ + \g\ < cg~^ for some c > 0, g eW then 

\u{s,x)\ + ||n||w;2(5,a;,T) < Cg~^{x). 

Proof. It follows from (2.12), Theorem 3.10, Proposition 3.2 and Lemma 3.8. □ 

It is known that the obstacle problem (1.3) with non-divergent operator At appear 
as the Hamilton-Jacobi-Bellman equation for an optimal stopping time problem (see 
[4]) and that value functions of that stopping problem is given by the first component 
of a solution of an RBSDEs with forward driving processes associated with At (see 
[11]). It is worth noting that similar relations hold for divergence form operators. 

Corollary 3.13 Let assumptions of Theorem 3.4 or Theorem 3.10 hold and let {u, /j,) 
be a solution of OP{(p, /, h). Then for each t G [s, T], 

U{S,X) = sup Es,a:{ f (9 , , u{e , Xg) , aVu{e , Xg)) dO 

rer/ Jt 

+h{T,Xr)lr<T + ^'(Xt)^!^^, 

where Tf = {t E : t < t < T} and denote the set of all {Qf}-stopping times. 

Proof. Let t € T^^. By (3.5) and the definition and a priori estimate for a solution of 
RBSDE(<^, /, h) we have 

U{t, Xt) = Es,:c{f^ f{e, Xg, u{e, Xg),aVu{e, Xg)) dO + u{t, X^) + K^^ - i^/'^I^D 
> Es,^{j^^ f{e, Xg, Ui9, Xg),aVu{e, Xg)) dO + h{T, Xr)lr<T + ip{XT)lr=T\Gt)- 



34 



Let us define the optimal control by putting Dt = vai{t < 9 <T : u{6, Xg) = h{9, Xq)}. 
Since K^'^ is continuous and {u{t, Xt) — h(t,Xt)) dK^'^ = Ps^^-a-S-, it follows that 
K^^ — Kl'^ = Ps,j;-a.s., which proves the corollary. □ 

The next theorem provides a probabilistic formula for the minimal weak solution 
of the variational inequality associated with (1.3). 

Theorem 3.14 Assume that (H1)-(H3) hold with G L2,^(M'^), g € L2,^,(Qt) for 
some Q E W and with h G C{Qt) satisfying the polynomial growth condition. Then 
there exists a version u of minimal weak solution of OP{<p, f, h) in the variational sense 
such that if (2.6) is satisfied for some {s,x) G [0, T) x then 

^^^.,r.^^.,a.^^^^^^^^^)^^^^^^^^^^)^ tG[s,r], Ps,^-a.s. (3.34) 

Proof. By [4, Theorem 4.1.6] there exists the minimal weak solution u of OF(ip, f, h) in 
the variational sense. Repeating arguments from the proof of Proposition 2.3 we show 
that there is a version u of a weak solution of the linear OF{ip, fu, h) in the variational 
sense such that (3.34) holds if (2.6) is satisfied. Since ||5||2,e < it follows that (2.6) 
is satisfied for a.e. (s, x) G [0, T) x M'' (see remark following the proof of Theorem 2.4). 
Therefore, by Theorems 2.2 and 2.4, w is a limit in W^'^(<5r) of the penalizing sequence 
defined by (3.4), and hence (see the proof of [4, Theorem 4.1.6]), « is a minimal weak 
solution of 0P((/?, fu, h) in the variational sense. Since the minimal solution is unique, 
u = u, and the proof is complete. □ 
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